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Phase stability in Ni-Ti alloys
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Abstract. A tight-binding bond model is used for a quantitative study of electronic inter-
actions in nickel-titanium compounds. The madel is not an ab initio caleulation, but it
requires only the data on the elemental properties of pure metal constituents that are readily
available in the literature. Combined with an extended cluster Bethe lattice method (CBLM)
for FCc- and BCC-based solid solutions and the B2 phase, and the recursion method for NiTi,
and Ni,Ti stoichiometric compounds, this approach allows the energy of formation of these
atloys to be calculated and the chemical trends in the ordering effects to be analysed,

1. Introeduction

In recent years, materials based on Ni and Ti have been extensively studied for their
promising practical applications. Around the equiatomic composition, Ni~Ti alloys
exhibit interesting shape memory effects and corrosion resistance. Their expanding use
in nickel-based superalloys and the possibility of creating amorphous phases are other
interesting properties. To obtain a quantitative understanding of these properties, the
underlying thermodynamic properties have to be known with respect to composition
and temperature or, in other terms, the study of the alloy properties depends critically
on a knowledge of the relevant phase diagrams. A fundamental explanation of the
formation of phases is a difficult task because the necessary calculations must combine,
at a high level of accuracy, both quantum mechanical and statistical thermodynamical
contributions. Recently, tight-binding {TB) calculations in conjunction with the cluster
variational method (cvM) [1-6] have shown that quantitatively reasonable phase dia-
grams displaying either a miscibility gap like that of the Cr-Mo system or the ordered
intermetallic compounds like the Ti-Rh system can be obtained. The computational
scheme used in these studies is summarized as follows.

(i) The cvM is a reliable statistical thermodynamical model developed to calculate
temperature—composition diagrams; this method has the advantage of incorporating
both short- and long-range order (SRO and LRO) in the description of the thermodynamic
behaviour of binary and multicomponent alloys. The CvM requires, asinput, interaction
parameters that determine the ordering, or clustering, reactions.

(ii) The interactions are then obtained numerically by means of electronic structure
calculations: tworather different procedures have been used to obtain these interactions;
the starting point for one is the ordered state while for the other is the disordered state.
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In the first approach, the total energy is assumed to be written as a sum of configuration-
independent many-body interaction potentials multiplied by the multisite correlation
functions [7]. The sum runs over all the cluster types but in practice it requires the
existence of a maximum cluster beyond which the many-body interactions are supposed
to be negligible. In the second approach, the ideais to use the completely disordered state
as the one described by the coherent-potential approximation (CPA) as an appropriate
reference medium [8]. The effective cluster interactions are calculated by the embedded-
cluster method [9] or by the generalized perturbation method (GpM) [10] using a per-
turbative treatment about the completely disordered state. In this case the ordering
energies can be written as an expression in terms of concentration-dependent /th-order
effective cluster interactions. These calculations can be carried out either in the KKR~
cpa [10] or tight-binding [11] schemes. At this level of approximation an alternative
method of describing short-range order in alloys has been proposed by Robbins and
Falicov [12]. Despite the fact that their approach relies on a topological approximation,
the Bethe lattice, it has the great advantage of including srRo explicitly in the caiculation
of the electronic spectrum and internal energy. Off-diagonal disorder and self-consistent
effects of charge transfer are taken into account, contributions that have been shown to
be of consequence in the variation of energy with sRo [13]. In what follows we compare
the TB-CBLM and TB-CPA-GPM methods for the Ni-Ti system. The quantities compared
are the total energy of the random alloy, the first nearest-neighbour interactions for Fcc-
based phases and the first- and second-nearest-neighbour interactions for Bcc-based
phases. To make this study complete we have used the recursion method to calculate
the total energies of the two complex NiTi; and Ni;Ti compounds and compared the
values thus obtained with those provided by the T8-C8LM or TB-CPA-GPM methods for
fictitious FCC or BCC-based compounds. In section 2 we present a brief review of the
theory used in our calculations and our results are discussed in section 3.

2, Theory

2.1. Total energy and the tight-binding Hamiltonian
In general the total energy can be written as the sum of two terms,
ET = Erep + Ebond (1)

where the labels imply that the division has been made in such a way that around the
equilibrium volume the first contribution is repulsive and the second attractive. In a
tight-binding model [14] it is generally assumed that the repulsive energy is well described
by an empirical pair potential

Erep = %N 2 ¢'(rij) (2)
:‘ra.f!;

where the attractive contribution stems from the quantum mechanical bonding between
the atoms. Within the tight-binding approximation this term is given by

Ebnnd = Ele - Eie'lga —’Eti:-l-g:r + Eion—-ion- i (3)

The first term represents the sum of the one-electron energies, the second and third
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terms the double-counting corrections for the electron—electron interaction, which has
been counted twice in the first term. The last term stands for the interionic Coulomb
interactions.

The one-electron total energy (E,.) is given simply by integrating the density of
electronic state N(E) multiplied by the energy E up to the Fermi energy Ep:

 E.= f " EN(E) dE. @)

In this paper the electrons are described by the following one-electron T8 Hamiltonjan:
Hie = 2 ea [+ 20 Biajo [ ®)
i, iA.ju

where [id} represents an orbital A centred at site {. We consider in equation (5) five
atomic d orbitals per lattice site (A = 1.5), these orbitals being chosen such that they
verify the orthoponality relationship. Accordingly, the contributions of the s and p
electrons to the total energy are neglected. It is known that these contributions, via their
hybridization with the d states, have to be taken into account to explain the cohesive
properties of the transition metals, in particular at the beginning or at the end of a
transition-metal series [15], which s the case for titanium and nickel. However, retaining
the d part is sufficient to explain the strong negative values of the alloying formation
energies in the Ni-Ti system [16]. At the end of the calculation we have neglected the
contributions arising from magnetic interactions.

The on-site and hopping energies, that is €5 and 8, ;, are assumed to depend only
on the species of atom at the relevant sites and, in the case of the hopping parameters,
the relative positions of the sites:

ﬁi)..j,u = ﬁm.J,u (r)

ea=€n+ ¥y

(6)

where ! denotes the species { at site i; ¥, is the mean effective Coulomb potential seen
by the A orbital on a type-/ atom in a given alloy; it is calculated in two parts, an intrasite
contribution (the effective direct exchange energy) Y™ and an intersite contribution
(the effective Madelung energy), which is taken to be the same for all orbitals.

The values of &7 used in this study are listed in table 1. They have been calculated
[16] for relativistic atoms in the configuration s'd%:~! where Z; is the number of valence
electrons. This configuration is close to the s'>d% 13 configuration predicted by band
structure calculations [17] and we have taken the number of d electrons to be equal to
Z; — 1.3 in our calculations.

The hoppingintegrals 8, , are obtained using the Slater-Koster [18] parametrization
scheme. The Slater—Koster parameters depend on the atomic species located at sites i
and j and on the distance between sites { and j. The Slater-Koster parameters between
like species are taken from Harrison [19] who has fitted the band widths (W) of the pure
metals predicted by Andersen and Jepsen [20]. These band widths are also given in table
1. The spatial dependence of the hopping integrals has also been chosen using Harrison’s
prescription. This means that nearest- and next-nearest-neighbour hopping are included
for BcC-based superstructures while only nearest-neighbour interactions are taken into
account for the other close-packed cubic or hexagonal structures studied in this paper.
The expression for the Slater—Koster parameters between unlike atoms can be calculated
using the Shiba approximation [21].
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Table 1. Tight-binding parameters for the Ni-Ti system, where U/=3eVand V = 0.4V,

Ti Ni
Ny 2.7 8.7

W, (eV) 6.08 3,78
£} (eV) 0 ~2.83

The intra atomic electron—electron energy can be approximated by [22]:
EL® = §U[xan} + xan) ()

where n, is the number of d electrons per A atom, x, is the concentration of A atoms
and U represents the effective intrasite Coulomb interactions.

To evaluate the intersite electron—electron interaction we assume that d electrons
are distributed around the atoms spherically, The following expression is then obtained:

. €%~ NN
Einter — Z_% L4
e N % 2mr; (8)

where w is the dielectric constant of the medium, N is the total number of lattice sites
and r; is the distance between sites ¢ and j; |e[n; is the valence of the species on site /.
The Coulomb jon-ion interaction is given by a similar expression,

2
: e VAVA
e =250 ©
N 20ty .
where |e| Z; is the charge of an ion on site i.
The net contribution of the two last terms to the total energy largely cancels out and
can be written as [23],

Egsion — ESST = —VE EXIE Py(nmny; — ning) (10)
TR,

where V denotes the nearest-neighbour contzibution to the average intersite potential
per transferred electron; An; = n; — sy is the charge transfer to species / and Z is the
coordination number. P;; describes the pair probabilities and 7 is the valence of the
species [ that have no alloying effect.

We can also use a decomposition other than equation (3) [24], which is easier
to analyse but with the additional assumption that the charge transfer does not vary
strongly with SRO; it has been shown that this assumption is checked for binary transition
metal alloys [24]. In this case, Eyqq is given by

E
Ebona = J‘ ] EN(E)dE + Vixx;0uc(An; — Any)? (11

where Oy is the Warren—-Cowley SRo parameter and [ ¢ EN(E) dE is the variation of
the sum of one-electron energies that one would obtain by taking into account the
variation with SRO of the kinetic Hamiltonian

E ﬁi,\j,u |fl>(fﬂ|
iAjp

but not that of g;,.
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The calculation of [£F EN(E) dE and its evolution with SRO now depends on the
assumption made in obtaining N(E), either the TB-CPA-GPM approach, or the TB-CBLM
approach.

The energies of central interest in our study are the energies of formation, AE;,
which is given by

AE; = Ex(alloy/struct, x) — xE2 — (1 — x)EB (12)

where Er(alloy/struct, x) denotes the total energy of the alloy AB at a concentration x
of species A. The relative energy of stability is

AE ., = E1(alloy/struct 1, x) ~ Eq(alloy/struct 2, x). (13)

The best way to obtain such quantities is to use equation (1) for the definition of Ex, that
is to add E,., t0 Eyog and 1o use the structural energy difference theorem [25]. This
approach has been used by Pettifor and co-workers to study the structural stability of
the pd-bonded AB compound [26] and the sp-bonded elements [27]. The structural
energy difference theorem, as a generalization of the frozen-potential theorem [28]
allows the study of the relative stability of structures that may be characterized by
very different local coordination numbers and hence different nearest-neighbour bond
lengths. However, it requires a knowledge of the pairwise repulsive potential ¢(r;). For
d-band metals experience suggests a pair interaction of the form C/R}} with m = 8-10
[29], but little is known about the exact values of the exponent and of the prefactors. In
fact, E,., has been neglected in our study for the following reasons. (i) It has been shown
that this contribution may be neglected in the A E; calculations, the energy of formation
being mainly the result of strong d—d interactions for Ni-Ti alloys [16]. (ii) For structural
stability, we have only competition between close-packed structures in the Ni-Tisystem,
based on BCC, FCC or HCP lattices, which are not too different concerning their local
environments. The relative stability energy has then been given only by comparing the
bond energies of the two structures. In this approximation, for a given structure, the
nearest-neighbour distance is kept constant on going from pure metals to compounds,

2.2. The electronic density of states in the alfoy

The one-electron contribution to the total energy is related to the local density of states
which can be obtained itself from the single-particle Green function:

N(E) = —a~! Im[G;(E)] {14)
where Gy(E) is the projected Green function on site i

Gu(E)= 2 GAG(E)ia). (15)

=15

For a compound, to calculate the Green function on site i, we have used the recursion
method [30], which consists in constructing from the basis of the five atomic d orbitals
{liA}} a new orthogonal basis {[€,), £ =1, ...}, where the tight-binding Hamiltonian
matrix is tridiagonal. If |£,) is made equal to |iA), then the Green function of this
Hamiltonian is given by the continued fraction
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(iA|G(2)]ir) =

(16)

zZ—a -

2=y =
? =@y — %

where {a,} and {b,} are the matrix elements.

The coefficients a, and b? are calculated up 1o a given step n; and the local density
of states is calculated using the Nex Gaussian quadrature method [31]. We repeat these
calculations for all the non-equivalent sites of the studied compound and the electronic
density of states of the compound is given by the sum of these local densities of states.

For solid solutions, the configuration-averaged Green function at arbitrary con-
ceniration and arbitrary sRoO is required; two methods can be used to obtain such a
quantity, that is the CBLM [23] or the cPA-GPM [11].

Inthe coherent-potential approximation, Cpa, only completely disordered alloyscan
be studied, the projected average Green function of an i atom being calculated using the
identity: '

Gi(E) = [We/W,JGH(E — 0){1 + 1,GH(E - 0)] (17)
where G*(z — o) is the Green operator that corresponds to the cpA Hamiltonian,

Z oMM+ 2 Brarw ik

i, A 1A f.u
and G*(z) is the Green function of the pure reference metal R (defined by £} = 0 and

Wy or Bg;.gr.)- The potential o is determined self-consistently by the condition on the
scattering operators:

=2xt;=0 (18)
where

t; = Ae. /11 — Ag;GRH(E - 0)] A, =g, ~0 (19)
with

%m%?mwmmx (20)

To analyse the ordering effects in solid solutions it is necessary to use the GpM, the
ordering energy being expressed in terms of pair and many-body interactions using a
perturbation expansion of the random CPA energy in concentration fluctuations [11],

E x
Ejq= —%ImJ’ FAE T EZ[G"“(E" o)Tal” 1/p @
- p=

where Ty is the diagonal part of the scattering matrix and p is the order of the cluster
expansion. It has been shown that for binary transition-metal alloys [32], the con-
tributions of the triplet and larger cluster interactions to the ordering energy are small
compared with that of the pairs, so we shall retain only the pair interactions in the
following calculation.

The other method of calculating the configuration-averaged Green function is the
CBLM; in its simplest version, a simple single-atom cluster, the real lattice is replaced by
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a Bethe lattice, the coordination number and the near distribution of the nearest
neighbours being reproduced exactly. The mean Green function of atom § on site i is
given by [33]:

-1
Gz} = (Z — Hy - RE PuTH(Rg)G (2, RK)TJI(RK)) (22)
and
-1
G RO = (2= Hu= 3 PuTHROO, G ROTHR,) @)

where Ty (Ry) is the transfer matrix from an atom  to an atom J in the direction Rg and
G(z, R} is the mean Green function of a J atom located on the auxiliary Bethe lattice,
which is obtained from the initial Bethe lattice by removing the bond in the direction
—Ry. Hyis the Hamiltonian without hybridization and $RO appears in the definition of
the pair probabilities [33). The one-electron contribution to the total energy is also
calculated as a function of sRQ and the one-electron contribution to the effective pair
interactions is obtained from its dependence [2, 5].

In what follows both approaches will be compared for the Ni-Ti system and the
origin of sRO in FCC- and BCC-based solid solutions will be analysed in terms of electronic
interactions.

3. Discussion and results

The Ni-Ti phase diagram displayed in figure 1 [34] is characterized by a liquid phase, a
FCcC (Al) phase at the Ni-rich end, a BCC (A2) phase at the Ti-rich end for high tempera-
ture; two stoichiometric compounds NiTi, and Ni;Ti, and one intermediate phase with
a variable range of solubility of NiTi.

3.1. Energies of formation of compounds

As a first step, we have calculated the energies of formation of the three intermediate
phases observed in the equilibrium phase diagram. In the bericht structure notation,
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Figure 2. Electronic densities of states of Ni,Ti, Figure 3. Partial densities of states of NiTi com-
compounds: {a), Ni,Tt; (&), NiTi; {c}, NiTi,. pounds: (a), d states of Ni; (b). d states of Ti.

these phases are called the DO,, (Ni;Ti), B2 (NiTi) and E9; (NiTi,) phases. The DQ,,
hexagonal and the E9, cubic phases are found experimentally to be stoichiometric
compounds and are treated as such in the present work using the recursion method. The
cubic B2 phase is reported from experiments to be stable over a large concentration
range and will be treated as such using the CBLM or GPM-CPA approaches.

To calculate the energies of these three compounds we have used the tight-binding
Hamiltonian described previously, coupled with the recursion method with 15 exact
steps of the continued fraction; the self consistency of charge transfer is taken into
account via the electron—electron and ion—ton interactions as described in section 2.1.

. Infigure 2 the electronic densities of states of the three compounds are presented. They
are characterized by a two-peak structure and the occurrence of a pseudogap; the lower
enerpy states are mainly the d states of nickel while the upper energy states are the d
states of the titanium as can be seen in figure 3 from the partial densities of states in the
NiTi compound. For the energies of formation we obtain —46.4 kJ/atom, —47.0k}/
atom and —35.0kJ/atom, respectively, for the compounds NiyTi, NiTi and NiTi,. In
table 2, the comparison with the experimental values obtained by different authors
[35, 36]shows that our calculated values are slightly more negative than the experimental
ones, the experimental asymmetry is also well reproduced by our calculations, the Ni;Ti
compound displaying practically the same energy of formation as the NiTi compound.

3.2. Effective pair interactions and disordered alloys

We have seen that the energy of formation of a solid solution with SRO can be written

as a sum of the energy of formation of the random alloy AE, 4 and an ordering energy
AEcnrd'
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Table 2. Calculated and experimental energies of formation of the compounds Ni;Ti, NiTi

and NiTi,.
Compound AEy, (k1) AEj, (k) Ref
Ni,Ti —-464 - -35 [35]
—-43 {36}
NiTi —47.0 —34 [35)
-34 [36]
NiTi; -35.0 -27 [35]
-29 [36]
CBLM »
@0 GPMCPA =
- |02
=
g
(11
< % {a)
CBLM -
o] GPMCPA »
021 = G4
T s
“é':h A el 5'3 o
o (e) = {
E [o]1] I
2
%
~| o8t
| ol ~ k
Qal { -‘T".‘-h““--..
= o e gs1-a 45T
w - Qo *
024 -
o2 (@
[o1-] cs
Ar A
Figure 4. Concentration dependence of (a) £,y Figure 5. Concentration dependencesof £,,,4, 4V
and (b) 6V, for FCC-based structures. and 3V, for BCC-based structures.

To calculate these two contributions, two approaches can be adopted, either
TB-GPM-CPA Or TB-CBLM as has been shown in section 2.2. We have kept only pair
interactions to describe the ordering contribution to the energy, first-nearest-neighbour
interactions have beenretained for Fcc-based phases, whereas first- and second-nearest-
neighbour interactions have been considered for BCC-based phases.

3.2.1. Fcc-based structures. Infigure 4(a), we have represented the concentrationdepen-
dence of the calculated energy of mixing E,,q(x) for the completely random Fc¢ solid
solution using both the TB-CBLM and TB-CPA approaches (x = xy;). The agreement
between the two sets of calculations is very good, the greater the coordination number
Z, the better the Bethe lattice approximation. We see that E,,4(x) displays negative
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values at all concentrations and its minimum is shifted towards the Ni-rich part. This
behaviour shows that the microscopic interactions that lead to the occurrence of stable
compounds in this region are already present in the random solid solution. For all the
compositions the charge transfer comes from the Ti d band to the Ni d band; however,
it is small as, for instance, the value obtained for the equiatomic composition Any; =
0.14 electrons/atom. Thisresultindicates that the self-consistent contribution from ionic
bonding to the formation energies of these alloys is small. In the same way the effective
pair interactions (Ep1) display astrong concentration dependence (see figure 4(b)). Their
large positive value at the Ni-rich end is consistent with the very strong ordering tendency
in Ni;Ti, which remains ordered up to its melting point. On the other hand, at the Ti-
rich end, the value of the effective pair interaction drops rapidly, which is consistent
with the fact that the ordered NiTi, compound has a complex structure. For both
methods, the effective pair interactions are directly proportional to the ordering energy
[, 11]. As the ordering energy is more sensitive to the details of the electronic density
of states than E,,g, it is not surprising that we find a larger difference for V', than for
E . between the two sets of results. We shall see that this comparison for BCC solid
solutions will be still more difficult to do.

3.2.2. BcC-based structures. For BCC-based structures we have also represented the
concentration dependence of the calculated energy of mixing E,,4(x) using the TB-CBLM
and TB-CPA approaches; the agreement between the two sets of calculations is worse
than for the Fcc-based structures but it is still satisfying. This results from the fact that,
on the one hand, the BCC structure is more sensitive to the Bethe lattice approximation
and, on the other hand, the treatment of the off-diagonal disorder in CPA is also more
difficult. As for Fcc-based structures, E,,q.(x) displays an asymmetrical behaviour and
first-nearest-neighbour interactions with a very strong concentration dependence (see
figure 5). For second-nearest-neighbour interactions the same behaviour is obtained,
that is a smoother variation as a function of composition for the Cra results; let us
mention that the contribution of the second nearest neighbours to the ordering energy
is much smaller than that of the first nearest neighbours. Once more, the charge transfer
is small, Any; = 0.135 electrons/atom for x = 0.5 and very similar to that obtained for
the Fcc lattice.

3.2.3. Ground states at zero temperature. We have seen in the previous section that
TB-GPM-CPA and TB-CBLM give practically the same results concerning the energy of the
random alloy and the effective pair interactions. To study the complete phase diagram
TB-CBLM has the advantage that it can also be used to study CSRO in liquid phases by
using a scalar approximation [6, 24, 33]. In this section we first present the results using
the TB-CBLM method to obtain the phase diagram, that is ground states at zero tempera-
ture.

For the Feclattice, taking into account the values of Epi, the structures to be adopted
by the alloy will be L1, structure for x = 0.25and 0.75, and the L1 structure forx = 0.5.
For the Bcc lattice the structure will be DO; for x = 0.25 and 0.75, and B2 for x = 0.5.
We have reported in table 3 the energies of these different compounds at T = 0 K. For
x = 0.25, no compound exists and one can see that the L1, and DO, structures display
the same weak energy of formation. For x = 0.33, we do not have ground states with the
BCC or FCC structures but, nevertheless, calculations have been made for these two
structures with the maximum ordering. In each case, the value obtained for the energy
of formation displays a more positive value than the one obtained by recursion for the
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Table 3. Calculated energies of formation for the BCC and FCC superstructures using the

TB-CBLM method.
AFa(kd)

X FCC BCC Compounds
0.25 -19.3(L1,) -19.3(D0O;) —
0.33 -27.7 -29.4 -35(E%;)
0.50 —40.8 (L1y) —45.0 (B2) ~47 (B2)

-37.1(B32)
0.75 ~44.8 (L1,) —44.6 (DO3) —46.4 (DOsy)

E9; phase. Forx = (.5, we find that the B2 structure is more stable than the L1, structure
or the B32 structure. For x = (.75, the L1, and DO; structures display a more positive
value than that obtained by the recursion method for the DO, structure, in complete
agreement with the experimental observations. However, this difference is small and to
know if it is significant we have performed a calculation based on the recursion method
for the L1, compound. We obtain —44.9kJ, in complete agreement with the value
provided by the CBLM method.

4. Conclusions

In this paper we have shown that a model tight-binding Hamiltonian is able to reproduce
the experimental energies of formation found in the Ni-Ti system. The large interaction
between the d states of Ni and the d states of Ti is the main factor governing the electronic
structure of these compounds leading to a strong short-range order on the Ni-rich side.
To extract effective pair interactions we have used either TB-CBLM or TB-GPM-CPA, the
energy of formation of the alloy being represented by a non-local term describing the
energy of the random alloy and by an ordering term given these concentration-dependent
effective pair interactions. At 7 = 0 K we have obtained that for x = 0.5 the B2 structure
is more stable than the L1, or B32 structures while for x = 0.75 the DO,, structure is
more stable than the L1, or DOj structures. For x = 0.33, the complex cubic structure
E9;is predicted to be more stable with regard to a mixture of the NiTi B2 and the Ti HCP
phases, since its calculated formation energy is above the line connecting the formation
energies of the Ti Hee and NiTi B2 phases. All these results are in good agreement with
the experimental observations. The complete determination of the phase diagram by
combining the tetrahedron approximation of the cvm and the concentration-dependent
EP obtained in this way will be presented in a forthcoming paper.
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